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Autonomous Hamiltonian systems

Let us consider an N degree of freedom
autonomous Hamiltonian systems of the H(q,p) = Zp +V(q)

form:

As an example, we consider the Hénon-Heiles system:
1, . : 1 1

Hy = E(F’f +py) + 2( +y?) + 2ty — ;’u
(T = P,
Hamilton equations of motion: < ;’I i %"1 B 91”1}
| By = P -2ty
( (5;13 = 0P,
Variational equations: { f):y = Opy . .
op, = —(1+2y)ox — 2oy
L Op, = —2z0x + (—1+ 2y)dy
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Symplectic integration schemes

If the Hamiltonian H can be split into two integrable parts as H=A+B, a
symplectic scheme for integrating the equations of motion from time t to
time t+r consists of approximating the operator @™+, i.e. the solution of

Hamilton equations of motion, by
eTLH — eT(LA"'LB) Hec TLAed 14 U + O( n+1

=1
for appropriate values of constants c;, di. This is an integrator of order n.

So the dynamics over an integration time step t 1s described by
a series of successive acts of Hamiltonians A and B.

As an example, we consider a particular 2" order symplectic integrator
with 5 steps [Laskar & Robutel, Cel. Mech. Dyn. Astr. (2001)]:

(3-4/3) (3-4/3)
53 T}LA TR e{ &) T}LA

SABA, = e{ g2 g ? g2
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Tangent Map (TM) Method

Any symplectic integration scheme used for solving the Hamilton equations
of motion, which involves the act of Hamiltonians A and B, can be extended
In order to integrate simultaneously the variational equations [Ch.S.
Gerlach, PRE (2010) — Gerlach, Ch.S., Discr. Cont. Dyn. Sys. (2011) -
Gerlach, Eggl, Ch.S., 1JBC (2012)].

The Hénon-Helles system can be split as:

1 1 1
_ ‘3
A= Si+p), B = 5@ +y7) +aty - 3y
. (2 = r+p,T
T = Pu ( ﬁ’) Y= y+pyT
Yy = Py ] pr’ = p,
: - o () ﬁ EJTLAV - 4 ])yl - _p'l}
]?;r: = 2’1 2’1?; ' ") 0z = Sx+ Op,.T
Py = Y- —2a°—y oy = oy + op,T
. 517)‘; - 6?);1‘ (! -
or = 0p, L dp, = Op, ‘yf _ y
0y = 0p, Py = pe—(l +9;J)
) 3 . . TLev . pz = Dyt (y - y)T
6.2();1’. - 7(1 + Qy)(S’I - 2f15y > SRR 5;:’ = 5:;7
op, = —2wdr+(-1+2)y  B(q) 5y = by
] Oop,, = Ope —[(1+ 2y)0x + 220y|T
( 0py, = Opy +[—2wdx + (=14 2y)dy|T
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Disordered lattices
The Klein — Gordon (KG) model
HK :i F;z + EI u|2'|'1u|4+i(u|+1 'ul)2

- 2 4 2W
with fixed boundary conditions uy=p,=Uy.;=Pn+1=0. Typically N=1000.

- : 1 3
Parameters: W and the total energy H. & chosen uniformly from 55|

The discrete nonlinear Schrodinger (DNLS)
N equation .
Hp, = Z‘cﬂ ‘Wl‘z +£"/’| ‘4 '('//|+1'//T + YW )’ W = ﬁ(% +ip, )

: W W : :
where g are uniformly chosen from ) and B is the nonlinear parameter.

Conserved guantities: The energy HQ and the norm S of the wave packet.
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Spreading of wave packets

Single site excitations a=1/3
DNLSW=4,p=0.1,1,45 KGW=4,E=0.0504,15

104 ?Tﬂ'ﬂm l TTTTTmT l T 1T ; ;rmm I T l TTTTT I TTITHT :=:
5 1k AT o
L gope1/3 <L lope 1737 -] Characteristics of wave
igag" Slope 7 3 SIOpE gt packet spreading:
EN B )‘.&&" 1C i ] ~to
]()2 T ‘,“j‘yﬁﬁ =HE = m2
E - with a=1/3 or a=1/2, for
el JE 2 1 particular chaotic regimes.
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The KG model

Two part split symplectic integrators

r

14
, 4 M[ = U
u; = T+ U
7Ly . | =P / eTLB:<

€ . / ~ 2
Pl =D P = {— ) (€ + up) + p_V(Hz-l + gy = 2u) | T+ Py
\
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The DNLS model

A 2"d order SABA Symplectic Integrator with 5 steps, combined with
approximate solution for the B part (Fourier Transform): SIFT,

. 1 :
Hp = ZI:‘('] |‘//| 2 +§|‘/’| '('//|+1'//| TY LY )1 4 =ﬁ(‘1| +lp|)
( 2
HD = Z ‘%(qlz + p|2)+§\q|2 + plz,) ‘_ Un0n+1 - Pn pn+1J
Al B!

¢

|4

e : m=1

N
! : \ E — J2aig(m=1)/IN
L, . { q; = qrcos(ot) + ppsin(eT), Py E €

p; = prcos(ot) — g sin(o T), oL o = o o2 cosCla-1)N)7
R @, = @

o = € + Blg} + p})/2 :

N
l .
' r —2mil(g-1)/IN
Yy = N 21 @€ !
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The DNLS model

Symplectic Integrators produced by Successive Splits (SS)

Hp = IZ(‘%'(qf + pf)+§(qf +p; f‘- 0nGe - P, pml’j

| |
/q;’ = 4. B]*/,n;’ =;J;\4 BZ

q; = q cos(aT) + pysin(o; 1), {
P = prcos(apt) — g sin(o;7),

py = pr+ (g1 +q41)7 { g = q1— (pi—1 + piy1)T

Using the SABA, integrator we get a 2" order integrator with 13 steps, SS(SABA,),:

(3-\ET:|L A

6

SS(SABA,), = e{

, (3'\/5 ' ' ' '
Tl:T/2 e{ 6 T}LBl lLBz iLBl lLBz
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The DNLS model

Three part split symplectic integrator of order 2, with 5

steps: ABC,
_~[& B2, 2V i
Hp ".Z(\z (aF +p7)+ S (af+ p ; Ol Py pmlﬂ
1 l 1
A B C
_LA ILB ILB _LA
ABC, = g2 g2 g"ce? g2

This low order integrator has already been used by e.g. Chambers, MNRAS
(1999) — Gozdziewski, Breiter, Borczyk, MNRAS (2008).
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2"d order integrators: Numerical results

3.2 | . | 4 |
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4t order symplectic integrators

Starting from any 2" order symplectic integrator S,, 4, we can
construct a 4t order integrator S, using a composition
method [Yoshida, Phys. Let. A (1990)]:

Sy (T) = S5 (X, T) X S, 4 (X, T) X S04 (X, T)
21/3 1

X, = - X, =

2_21/3 ! 1 2_21/3

Starting with the 2" order integrators SS(SABA,), and
ABC, we construct the 4" order integrators:

*SS(SABA,), with 37 steps
*ABC, with 13 steps
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4t order integrators: Numerical results
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Conclusions

We presented several efficient integration methods suitable for
the integration of the DNLS model, which are based on
symplectic integration techniques.

The construction of symplectic schemes based on 3 part split
of the Hamiltonian was emphasized (ABC methods).

A systematic way of constructing high order ABC integrators
was presented.

The 4t order integrators proved to be quite efficient, allowing
Integration of the DNLS for very long times.
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